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contEXt Elastic and visco-elastic models

([ 2%u
qz V- o=/f
= |nviscid o = Ce(u)
Carcione, J.M. (2007) I Kelvin-Voigt o = C%e(u) + D*V9;e(u)
= Maxwell S0y + Ho = die(u)
= Zener o+ 10i0 = C™e(u) + 7D 0e(u)

L + initial/boundary conditions

Let (Cx,D., p«) be the mechanical properties at a frequency wy :

= Inviscid C =C,

= Kelvin-voigt ~ C¥ =C, DY = _-D,

= Maxwell S= (") =(CAD.CID)TH H= (D) = (5-Du+CDC)
= Zener ¢C"=C-D, D™=C+CD, 7T=

Imperiale, A., Leymarie N., Demaldent, E. (2020)
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Context

= Linear high-frequency elastic wave propagation problem: Vt €]0;77], find u(¢) € V such that Yv e V

d2

@m(u, v) +a(u,v) = £(t; V) m(w,v) = /Q ow - v df) a(w,v) = /Q(C ce(w)) :e(v)dQ2 Ut;v) = /Fg(t) -vdl’

Mass bilinear form Stiffness bilinear form Surface loading (e.g. PZT actuator)

= Conform finite element space allowing consistent mass-lumping (diagonal mass matrix)
Cohen, G. (2002), Joly, P. (2007), Komatitsch, D. et al (1999), Chin-Joe-Kong, M. J. S et al. (1999), Mulder, W. A. et al (2016), ...
I&
2

721
q} 14

Gauss-Lobatto

—_— e N —~ A~
V;, = {?jh cC'(Q) |VK €Ty, A0 eV(K), vplx =70 Ff_(l} cV e.g. Quad/Hexa spectral elements: V(K) = Q*(K)

= Explicit second order scheme (leapfrog scheme):  Vn € [1; Nr[, find u} ™' € Vy, such that Vv;, € V),

<> m(uptt = 2uy +u) Tt vy) + a(ul, vi) = 0t vy)
= Stable upon satisfying the CFL condition:
Depends on:
_1 = The material (wave(s) speed),
— a(Vh, Vi) 2 N
At < Aty =2 sup —2-"2 j = The type of finite element,
vihevy, M(Vh, Vi) = The quadrature formula,
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Context cri: geometry of elements
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Context

= Can we render a more robust scheme w.r.t. the geometry of the mesh elements ?
1. Identifying penalizing terms of the (stiffness) bilinear forms,

2. Applying a specific time discretization for these terms.

= Two families of specific time discretizations can be identified:

= Explicit treatment of the penalizing terms e.g. the local time stepping approach

Diaz, J. et al. (2009), Chabassier, J. et al (2019), Carle, C. et al. (2020), Grote, M. et al. (2021), ...

= |mplicit treatment of the penalizing terms leading to implicit — explicit schemes, or locally implicit schemes

Rylander, T. et al. (2002), Descombes, S. et al. (2013), Hochbruck, M. et al (2016),...

j Extension of this approach for elastic waves for non-uniform meshes & plate-like geometries, with three-step time schemes
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Locally Implicit Scheme

= Decomposition of the bilinear forms in the sum of two non-negative terms: ~ a(*,-) = (ac +ag)(,-)  m(,-) = (me +ms) (-, )

= We apply a 6—scheme {u}'lg = 0u}™" + (1 —20)u} + 6u;}~" on the potentially penalizing stiffness term:

L mut = 2uf + af v + ac(ul, vi) + ar({ul o, vi) = £t vn)

Lemma. Assuming that ¢ > i the locally implicit scheme is stable upon the following sufficient condition:

1
- -2
AtSAtHZQ( sup M)

VhEV, mc(vh? Vh,)

Sketch of the proof through energy arguments (E(t”, = O) « The modified kinetic term reads

A (uﬁ“ L L () = (m = & ac + AP0~ Har)(,)
4 t

« Remarkthat uj = {uj}i, —

* Since 6 > i and a¢(+,-) > 0, the conserved functional is positive if

un+l o oon—1

* Using as test function v, = % leads to the conservation 1
of the energy functional e ac(Vn,vi)\ 2

t<2(supy,ev, —

. . . . m(Vip, Vi)

1 n—+ n n+ n n—+ n n+ n
nty 1‘~ u,” —u; u, —uy I uw, ™ +uy u, " +uy _
&y ° = 5”?«( AL At )+ 50( 5 , 5 ) + We conclude using m(-,-) > me(-,-) .
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Locally Implicit Scheme

= Decomposition of the bilinear forms in the sum of two non-negative terms:  a(:,-) = (ac +a¢)(-,)  m(-,+) = (mc +mg) (-, )

= We apply a 6 —scheme {u}}ls =0u}™ + (1 —20)u} +6ul~"' on the potentially penalizing stiffness term:

L m(uptt = 2u +u T v+ ac(af, vi) + as({uf o, vi) = €t V)
1 n+1 n 2 n 1 n—1
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Selection process

= Using the “Irons & Treharne” theorem

Cottereau, R. et al. (2018) (& references therein)

1
Ac\Vp, Vp —_—
2 max  sup M < Aty
KETh v,ev(K)N Me(Vh; Vi)
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2D Test Cases ‘uniortunate’ cro

GdR MecaWave 08/05/2023 - 12/05/2023

. | Afivex [ CPU"px
Atlys) CPU" ) Atpx CPU*1vEx
EX. 0.000338801 450.6
IM.EX. (1) 0.0020605 7.9 6.1 5.8
IM.EX. (2) | 0.00165706 |  85.2 4.8 5.3
IM.EX. (3) | 0.00125674 139.2 3.7 3.2
IM.EX. (4) | 0.00125674 111.6 3.7 4.0

* on a laptop PC, Intel(R) Core(TM) i7-8850H CPU @ 2.60 GHz

— Explicit

—— Locally Impl

— Explicit
—— Locally Implicit
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2D Test Cases Quadrilateral mesh

. o | Afmex CPUgx
At(ps) CPU* (s) Aox CPU o
EX. 0.00232952 93.7
IM.EX. (1) | 0.00654526 |  62.6 2.8 15
IM.EX. (2) | 0.00560053 58.7 2.4 1.6
IM.EX. (3) | 0.00494477 |  54.5 2.1 1.7
IM.EX. (4) | 0.00457334 45.2 2.0 2.0

* on a laptop PC, Intel(R) Core(TM) i7-8850H CPU @ 2.60 GHz

. s Explicit
100000 4 . « Implicit
—==- Mean

——== Mean + 1 * std deviation
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2D Test Cases Arbitrary close multiple (~700) inclusions in isotropic material

. o | Afmex CPUgx
At(ps) CPU* (s) Aox CPU o
EX. 0.00466549 1040.5
IM.EX. (1) | 0.030968 | 136.3 8.6 76
IM.EX. (2) 0.033219 151.8 7.12 6.8
IM.EX. (3) | 0.0207385 | 151.2 6.4 6.8
IM.EX. (4) | 0.0264332 177.6 5.7 5.8

* on a laptop PC, Intel(R) Core(TM) i7-8850H CPU @ 2.60 GHz

6000004 | * Explicit .
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. 500000 4 Mean + 1 * std deviation
s " .
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20000 +

3D I est cases -
15000
w
2
= i
= 12300 Explicit
g s Implicit
i 10000 { ——- Mean
w —=- Mean + 4 * std deviation
m
g 7500 A
3
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T T T T T T
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Mesh element ID

0.200 4
— Im-Ex
—— Explicit
0.175 -
0.150
] AtiveEx CPU Ex
0.125 At(pus CPU* (s
(ps) (s) Atpx CPU*1MEX
= 01001 EX. 0.0160424 64,4
0,075 IM.EX. (1) | 0.0481272 81.2 3 0.8
IM.EX. (2) | 0.0320848 79.0 2 0.8
0.050 - IM.EX. (3) | 0.0320848 52.6 2 1.2
0,025 - IM.EX. (4) 0.0320848 42.6 2 1.5
* on a laptop PC, Intel(R) Core(TM) i7-8850H CPU @ 2.60 GHz
0.000 4
0 1000 2000 3000 4000 5000 6000
Time
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Extension to Visco-Elastic models

¥n € [0; V], find (u}t, o7 "") € V), x W), such that V(v ) € Vi, x Wywe

have

Maxwell Model
(primal-dual)

img(u, u*) 4+ b(o,u*) =0,

dt?
am"[Sl(e, %) + mV [H](g,0%) — §b(o*,u) =0,

Decomposition of the stress constraint into two fields: o, =0}, .+ 07}, ;.
b(-,) v')+bf('=')'

-) into two symmetric positive terms:

bc('

Decomposition of the bilinear forms into two terms:

Decomposition of the bilinear form m(-,

We apply a 6 — scheme {o}}g =00} + (1 —20)o}) + 0o} ~"

n+1

1 n—1

n+1 O,n

4 mW[S](M The toh.

Locally Implicit W3] ( Tk
2

Scheme He) =

3 ”’h,c) +m

n+1 n—1
o o-h f

¥ [8](T s
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s Moy, f)+m (H]({o},. f}evl-"h f) —bf(

V= [HY(Q)
W = [27(@)"
mY (u,u*) = /ozu u'd), vu,u* e 'V

(a4

mW[A](o,0%) = ]/—la: o*dQ, Yo,0" € W

on the potentially penalizing stiffness term:

) + bC(O-i?:,crvh) + bf({o—g,f}&vh) =0,

/cr )dQ, V(u*,0") e VW
9)
m(v) - mc('?') +mf('7')-

n+l _n
bc(Uh At =h ) I"‘h,c) 07

n.+1 un—l

2At ?I"’h,f) =0.
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Extension to Visco-Elastic models

Lemma. Assuming that @ = 3 the locally implicit scheme is stable upon the following sufficient condition:

1
Ccmx 2 _
At < 2 ( Sup O:c[v ](Vhavh)> ' CmX=C*+D*C* 1D*
VhEVH mp’c(vha Vh)
.+ Take Vi = s (up Tt —up ™) as test function in first equation and remark that of = {07 }ia+ (0 — L)(op ™ =207 + o)
. Take B, = (o7 +o7) as test function in second equation, then compute the average at times t"2 and "~

« Take Mns = {0} }e as test function in third equation.

« Summing obtained equations leads to the following energy functional :
n+1 n+1 1 n+1 n+1 n

n+y W +op oy tonpy 1., W —0h O — T
et —mW[s) (T Foh TR OR) L Lig 1 gy T 7B T~ 9k
1,  A# utt —u? ultt - wy
- e ,
Talmy = alCTNITg At )
At? Wie Th  —Oh Oh = oy W = wp g i
+ o (1T, Ty g et M M)

. Since 0> 7 and m"[S](-,") IS positive, the energy functional is positive if the above condition is satisfied.

- Notice that for any test function Vi, m} (Vn, V) > m} .(Vh, V) and conclude.
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3D Test Cases

—— Explicit Visco-elastic
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Perspectives
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Complete automatization of selection process

m Automatically determine optimal factor aka "sweet spot”
m Through assimilation to geometric descriptors
Convergence analysis

Combine with Mortar Domain Decomposition

Local time-stepping

Optimization through profiling

m Approximate inverse matrix ?

10/05/2022
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Extras - Selection process

Types of tagger

Tagger from tags

Tagger from coordinates

Tagger from element
index

Tagger from local
spectral radius
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