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Context

 Inviscid

 Kelvin-Voigt

 Maxwell

 Zener

+ initial/boundary conditions

Elastic and visco-elastic models

Let                       be the mechanical properties at a frequency :  

 Inviscid

 Kelvin-Voigt

 Maxwell

 Zener

Imperiale, A., Leymarie N., Demaldent, E. (2020)

Carcione, J.M. (2007)
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 Linear high-frequency elastic wave propagation problem:

Mass bilinear form Stiffness bilinear form Surface loading (e.g. PZT actuator)

 Explicit second order scheme (leapfrog scheme):

 Conform finite element space allowing consistent mass-lumping (diagonal mass matrix)

Cohen, G. (2002), Joly, P. (2007), Komatitsch, D. et al (1999), Chin-Joe-Kong, M. J. S et al. (1999), Mulder, W. A. et al (2016), …

e.g. Quad/Hexa spectral elements:

 Stable upon satisfying the CFL condition:
Depends on:

 The material (wave(s) speed),

 The type of finite element,

 The quadrature formula,

 The geometry of the mesh elements.

Conform lumped elements & leapfrog schemeContext
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Context

GdR MecaWave 08/05/2023 - 12/05/2023

CFL & geometry of elements

CFL condition : 0,00037644 𝜇𝑠CFL condition : 0,00132348 𝜇𝑠
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Extension of this approach for elastic waves for non-uniform meshes & plate-like geometries, with three-step time schemes

 Can we render a more robust scheme w.r.t. the geometry of the mesh elements ?

1. Identifying penalizing terms of the (stiffness) bilinear forms,

2. Applying a specific time discretization for these terms.

 Two families of specific time discretizations can be identified:

 Explicit treatment of the penalizing terms e.g. the local time stepping approach

 Implicit treatment of the penalizing terms leading to implicit – explicit schemes, or locally implicit schemes 

Diaz, J. et al. (2009), Chabassier, J. et al (2019), Carle, C. et al. (2020), Grote, M. et al. (2021), …

Rylander, T. et al. (2002), Descombes, S. et al. (2013), Hochbruck, M. et al (2016),…

Context Im – Ex schemes: enhanced robustness ?
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Locally Implicit Scheme

 Decomposition of the bilinear forms in the sum of two non-negative terms:

 We apply a θ – scheme                                                                on the potentially penalizing stiffness term:

Lemma. Assuming that             the locally implicit scheme is stable upon the following sufficient condition:

Sketch of the proof through energy arguments

• Remark that

• Using as test function                                   leads to the conservation 

of the energy functional

• The modified kinetic term reads

• Since            and                  , the conserved functional is positive if  

• We conclude using                           . 
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Locally Implicit Scheme

 Decomposition of the bilinear forms in the sum of two non-negative terms:

 We apply a θ – scheme                                                                on the potentially penalizing stiffness term:
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Selection process

Locally non-uniform elements

Order 6 spectral elements

 Using the “Irons & Treharne” theorem 

Cottereau, R. et al. (2018) (& references therein)

We analyse “local” Rayleigh quotients to 

identify penalizing elements

GdR MecaWave 08/05/2023 - 12/05/2023



Disposition : Titre et contenu

10/05/2022GdR MecaWave 08/05/2023 - 12/05/2023 10

2D Test Cases “Unfortunate” CAO
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2D Test Cases

Order 4 spectral elements

Quadrilateral mesh
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2D Test Cases

P2 & bubble triangular finite elements

Arbitrary close multiple (~700) inclusions in isotropic material
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3D Test Cases Plate with Hole
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3D Test Cases Plate with Hole and Crack
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Extension to Visco-Elastic models

Maxwell Model 
(primal-dual)

Locally Implicit

Scheme

 Decomposition of the stress constraint into two fields:                            .

 Decomposition of the bilinear forms into two terms:                                        .

 We apply a θ – scheme                                                                 on the potentially penalizing stiffness term:

 Decomposition of the bilinear form into two symmetric positive terms:                                              .
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Extension to Visco-Elastic models

Lemma. Assuming that             the locally implicit scheme is stable upon the following sufficient condition:

Stability Condition through Energy Arguments

• Take                                         as test function in first equation and remark that                              .  

• Take                         as test function in third equation.                          

• Summing obtained equations leads to the following energy functional :

• Since and                     is positive, the energy functional is positive if the above condition is satisfied.

• Take                                    as test function in second equation, then compute the average at times 

• Notice that for any test function                                                      and conclude.

• Summing obtained equations leads to the following energy functional :

• Take                                         as test function in first equation and remark that                              .  

• Take                         as test function in third equation.                          

• Since and                     is positive, the energy functional is positive if the above condition is satisfied.

• Take                                    as test function in second equation, then compute the average at times 

• Notice that for any test function                                                      and conclude.
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3D Test Cases
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■ Complete automatization of selection process

■ Automatically determine optimal factor aka ”sweet spot”

■ Through assimilation to geometric descriptors

■ Convergence analysis

■ Combine with Mortar Domain Decomposition

■ Local time-stepping

■ Optimization through profiling

■ Approximate inverse matrix ?
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Perspectives
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Extras - Selection process

Types of tagger

(12.7, 9.2)

Material

A

Material

B

27

2100,21

11265,66 1243,87

1028,54

1258,34

2054,12

2054,12

implicit

12789,24


